We describe a measurement-and-feedback technique to deterministically prepare low-entropy states of atomic spin ensembles. Using quantum non-demolition measurement and incoherent optical feedback, we drive arbitrary states in the spin-orientation space toward the origin of the spin space. We observe 12 dB of spin noise reduction, or a factor of 63 reduction in phase-space volume. We find optimal feedback conditions and show that multi-stage feedback is advantageous. An inputoutput calculation of quantum noise incorporating realistic quantum noise sources and experimental limitations agrees well with the observations. The method may have application to generation of exotic phases of ultracold gases, for example macroscopic singlet states and valence-bond solids.
Introduction -Cooling of many-body systems can produce new phases of matter and new collective behaviors, e.g. superfluids [1, 2] and the fractional quantum Hall effect [3] . Traditional cooling couples the system to a lowtemperature reservoir, allowing energy to leave the system and thus reducing its entropy (provided the temperature is positive [4, 5] ). The search for new many-body phenomena is now actively pursued in synthetic manybody systems composed of cold atoms, with either internal or external degrees of freedom [6] . Exotic phases such as valence-bond-solids [7] can in principle be produced by extreme cooling in tailored potentials, and valence-bond resonance has been observed on a small scale [8] . Scaling to larger systems places intense demands on cooling, however. Evaporative cooling [9] followed by demagnetization cooling [10] has reached a record 350 pK temperature, but estimates of critical temperatures are lower still [11] . Feedback cooling An alternative proposal for producing large-scale many-body correlations employs quantum non-demolition (QND) collective spin measurements [12] [13] [14] to detect spatially-resolved spin correlations [15] , and sets them to desired values by feedback to the collective spin [16] . A proposal to produce macroscopic singlet states [17, 18] employs the same strategy without spatial resolution.
Here we experimentally demonstrate spin cooling by QND measurement plus feedback, using an ensemble of 87 Rb held in an optical dipole trap and QND measurements [12, 13, 19] by off-resonance Faraday rotation probing. The technique is similar to feedback cooling in trapped electrons [20] , nano-mechanical resonators [21, 22] , single ions [23] , and single atoms [24] . In an adaptation of [17] , we start from a high-entropy state, i.e., occupying a large volume of collective spinF phase space, and drive toward a low-entropy state, specifically toward the singlet state F ·F = 0. We analyze this quantum control problem [25] using input-output relations and ensemble-based noise models [26, 27] , to identify an optimized two-round feedback protocol. We demonstrate a spin noise reduction by 12 dB, or a reduction in phase-space volume by a factor of 63.
System -The experiment is shown schematically in Figure 1(a) . Our atomic spin ensemble consists of N A ≈ 10 6 rubidium-87 atoms in the f = 1 ground hyperfine level, held in an optical dipole trap elongated in the z direction.
Interactions among the atoms due to collisions and magnetic dipolar couplings are negligible at our density of ∼ 10 11 cm −3 . We define the collective spin operatorF ≡ if (i) , wheref (i) is the spin of the i'th atom. The collective spin obeys commutation relations [F x ,F y ] = iF z (we take = 1 throughout).
Probe pulses are described by the Stokes operatorŜ
T , where the σ i are the Pauli matrices andâ ± are annihilation operators for σ ± polarization. As withF, the components ofŜ obey [Ŝ x ,Ŝ y ] = iŜ z and cyclic permutations. The input pulses are fullyŜ x -polarized, i.e. with Ŝ x = N L /2, Ŝ y = Ŝ z = 0 and ∆ 2 S i = N L /2, i ∈ {x, y, z} where N L is the number of photons in the pulse. While passing through the ensemble, the probe pulses experience the interaction hamiltonianĤ eff = κ 1 τ
−1Ŝ
zFz , where κ 1 is a coupling coefficient for vector light shifts [27, 28] . This rotates the pulse by an angle φ = κ 1Fz 1, so that a measurement ofŜ
indicatesF z with a shotnoise-limited sensitivity of ∆F z = ∆Ŝ y /κ 1 . Tensor light shifts are negligible in this work.
Control strategy -Our aim is to reduce the state's phase space volume ∆ 2F ≡ |F| 2 − | F | 2 using measurement and feedback to sequentially setF z ,F y andF x to desired values. This is possible using QND measurements and non-destructive feedback, which we implement with weak optical pumping. The spin uncertainty relations,
2F to approach zero for the macroscopic singlet state [17] . Faraday rotation gives high-sensitivity measurement ofF z . To accessF x andF y , we apply a static magnetic field of B ≈ 14 mG along the [ racy, we repeat the three-axis measurement and feedback; the deleterious effects of measurement back-action, optical pumping noise, and feedback errors diminish when approachingF = 0. The experimental sequence is illustrated in Fig. 1(b) . QND Measurement -We measure the collective spin component F z by paramagnetic Faraday rotation probing with 1 µs long pulses of linearly polarized light with on average N L = 5.4 × 10 7 photons per pulse at a detuning of 700 MHz to the red of the f = 1 → f = 0 transition. Measurements are made at T L /3 40 µs intervals, to access sequentiallyF z ,F y andF x . A balanced polarimeter detectsŜ (out) y while a reference detector be- fore the atoms detectsŜ x ) and generates timing signals to control the optical pumping feedback. Optical pumping and feedback -The optical pumping is performed in a nearly-linear regime, i.e. with few photons, such that only a small fraction of the atoms change state. We use circularly polarized light 30 MHz red detuned from the f = 1 → f = 0 transition on the D 2 line with an intensity ∼ 7 W/m 2 , propagating along the trap axis and chopped into ∼µs pulses by acousto-optic modulators (AOMs). Two beams in opposite directions, allow rapid switching between the two circular polarizations. As with the QND measurement, Larmor precession allows feedback toF z ,F x andF y byF z pumping at different points in the cycle. In the feedback step the AOMs are gated by the FPGA after a latency of t lat = 11 µs for computation. The FPGA determines the polarization and pulse duration t FB ∝ F, which in turn determines the displacement ofF. Typical feedback pulses are 1-2 µs, i.e., much shorter than the Larmor precession period, and much longer than the ∼ 100 ns rise time of the AOMs. An independent AOM amplitude control determines the overall gain of the feedback. Initialization procedure -We first generate a fully mixed f = 1 state as described in [12] , then optically pump F z ,F y andF x with 5 µs pulses. The mixed state has zero mean and small variance var(F i ) = (a) Covariance matrix for 9 consecutive stroboscopic measurements with feedback after measurements 4-6 with the optimal gain setting. The first two measurements of each spin component Fi remain strongly correlated, but the correlation is removed by the feedback and the third set of measurements is not correlated with the first two. Also apparent is the noise reduction after feedback.
rection of the pulses are randomly chosen. The amplitude A and polarization sign s of the pulses are randomly chosen so that sA is zero-mean normally distributed. This generates a statistically-reproducible distribution of initial states with initial spin covariance ma- 
i.e., with noises N 1/2 A ∆F i N A 10 6 . Control and characterization sequence -For a given normalized gain g ≡ G/G 0 , where G is the feedback gain and G 0 is the naïve gain, i.e., optimal gain for the noiseless case, we characterize the cooling process with the sequence shown in Fig. 1(b) : initial state preparation, measurement without feedback, measurement with feedback, and measurement without feedback. We then remove the atoms from the trap and repeat the same sequence to record the measurement read-out noise. The entire cycle is run 300 times to collect statistics.
In Fig. 2(a) we plot the input spin distribution (blue) following our initialization procedure, and the output spin distribution (red) after feedback with the optimum feedback gain setting. The input state is distributed around the origin, with a mean deviation of 2.4 × 10 4 spins, and a total variation of ∆ 2F = 6.7 × 10 8 spins 2 . Histograms of the measurements are shown in Fig. 2(b) -(d). After feedback (red data) the total variation of the spin distribution is ∆ 2F = 9.7 × 10 7 spins 2 , an 8 dB reduction in a single feedback step. The dispersion of all three spin components is reduced by a factor of 3-5, following one (red triangles) and two (green diamonds) feedback steps. We compare this to the theory described in the text (red and green solid curves) fit to the g ≥ −1.0 data as described in the text. Also shown is the noise of the input spin state following the initialization procedure described in the text (blue circles), with an average total variation ∆ 2F = 6.7 × 10 8 spins 2 (blue dashed line), and the measurement read-out noise (black squares), with an average total variation ∆ 2F = 7.0 × 10 6 spins 2 (black dashed line). Error bars represent ±1σ statistical errors.
and the average of each spin component remains centered within one standard deviation of the origin. Correlations analysis -Covariance matrices describing all nine measurements, for gains g = −0.75 (optimal case) and g = 0 (null case) are shown in Fig. 3 . Three features are noteworthy: 1) Both null and optimal cases show strong correlations between the first and second measurement groups, confirming the non-destructive nature of the Faraday rotation measurement. 2) the correlations of one component, e.g.F y , persist even after feedback to another component, e.g.F z , indicating the non-destructive nature of the optical feedback. 3) While the control case shows some reduction of total variance (due to spin relaxation), the feedback control is far more effective. Modeling -We use a multi-step input-output model of the collective spin operators to describe the feedback cooling process. During a step of length ∆t, an operatorÔ experiencesÔ
eff ] + N , where superscripts (i) , (i+1) indicate prior and posterior values, respectively, and N is a noise operator. Starting from atomic and optical inputsF (0) ,Ŝ (0) , respectively, a Faraday rotation measurement produceŝ
withŜ x ,Ŝ z changing negligibly. Measurement backaction on the atoms −iτ [
arises from the fraction η of atoms that suffer spontaneous emission (see below). During latency, precession by an angle θ = 2πt lat /T L about [1, 1, 1] causes coherent rotation R B (θ) and dephasing due to field inhomogeneities [27, 29] :
where P B is a projector onto the [1, 1, 1] direction and T 2 is the transverse relaxation time. Longitudinal relaxation is negligible on the time-scale of the experiment. Feedback modifies the collective spin aŝ
where G is the feedback gain and f z is a unit vector in the z direction. Precession byθ = 2π/3 − θ completes the 1/3 Larmor rotation, givinĝ
for measurement+feedback for one component.
The vector feedback procedure is the composition of three transformations as in Eq. (7). These correct sequentially for all three components ofF, and introduce a total of twelve noise terms analogous toŜ
, given in the Appendix. Optimized multi-step cooling -We define the normalized gain g ≡ G/|G 0 | where G 0 ≡ −1/(κ 1Ŝx ) is the naïve gain, i.e., the optimal gain for zero noise, latency, and dephasing. Minimizing ∆ 2F(4) requires −1 < g < 0 because of competition between the Gf zŜ y . This suggests a multi-round feedback strategy employing successive three-axis feedback steps, with decreasing |g|, to approach the limiting entropy set by ∆ 2Ŝ (0) y and ∆ 2N(S) . We demonstrate this optimized multi-step cooling with results shown in Fig. 4 . Again following the sequence of Fig. 1 , we initialize to give measured total spin variance ∆ 2F ≈ 6.7 × 10 8 spins 2 , shown as blue circles. In a first experiment we apply a single round of three-axis measurement+feedback, then measure the resulting state, and compute total variance (red triangles). As expected, an optimum is observed at g −0.75, with variance 9.7 × 10 7 spins 2 or 8 dB reduction in the spin noise. In a second experiment we apply a first round with g = −0.75 followed by a second round with variable g, shown as green diamonds. This gives a further 4 dB reduction, to 4.2×10 7 spins 2 . Model predictions, with
6 , N L = 5.4×10 7 , T 2 = 1.3 ms from independent measurements are are fit to the global data set to calibrate the optical pumping efficiency (effectively g), and the initial noise ∆ 2F(0) . Good agreement is observed except for g ≤ −1.5, a region in which the strong feedback is expected to invert and amplify the initialF.
Conclusion -Using Faraday-rotation quantum nondemolition measurements and feedback by optical pumping, we have reduced the spin variance of a laser-cooled 87 Rb atomic ensemble. The total spin variance ∆ 2F is reduced by 12 dB, or a reduction in phase-space volume by a factor of 63, using an optimized two-step procedure informed by a realistic quantum control theory incorporating experimental imperfections. The procedure has potential application to on-demand generation of quantumcorrelated states of ultra-cold atomic gases, for example generation of macroscopic singlet states and arbitrary quantum correlations in lattice-bound degenerate quantum gases.
Appendix: noise terms -Readout noise is ∆ 2Ŝ (0) y = N L /2, as above.N (S) arises from spontaneous emission events, which randomize the spins of a fraction η S ≈ 2κ 
